In this paper are given some simple proofs and extensions of some inequalities for concave functions obtained recently by Brenner and Alzer. ᮊ
INTRODUCTION w x
In a recent paper Brenner and Alzer 2 discussed and provided refinements, extensions, and counterparts to four of the cornerstone inequalities for concave functions: Favard's inequality, Hadamard's inequalities, Schweitzer's inequality, and the Favard᎐Berwald inequality. Our present purpose is to give some simple proofs and extensions to some of the results w x of 2 . In Section 2 we consider Favard's inequality, in Section 3 Hadamard's inequalities, and in Section 4 a Schweitzer-type inequality. w x As in 2 the restrictions of the real line R to positive and nonnegative numbers will be denoted respectively by R q and R 
Further, if f is strictly conca¨e on a nondegenerate inter¨al, then the inequality is strict.
The proof of Brenner and Alzer made use of Dini's Theorem and a w x remarkable proposition of Bremermann 1 concerning the approximation of concave functions. We show that a simpler proof is available¨ia the w x well known Hadamard inequalities, which state that for f : a, b ª R a concave, continuous function we have Ž .
whence we obtain the main statement of the theorem. The property relating to strict inequality is inherited from the corresponding result for the Hadamard inequalities.
Analogous reasoning may be applied to the right-hand Hadamard inequality to provide the following counterpart to Theorem 2.1.
Strict inequality holds if and only if there is a nondegenerate subinter¨al on which f is strictly conca¨e.
Brenner and Alzer prove also the following theorem of Favard type. 
We remark that their proof does not fully utilise the assumption about ␣ , which may be relaxed to give the extension below. Remark. In the special case ␤ s 1, the inequality reduces to
For 0 -␤ F 1 the function f ␤ is continuous and concave when f is, so we ␤ Ž . Ž . may make the substitutions f ª f , ␣ ª ␣r␤ in 2.2 and recover 2.1 .
Ž . Ž . We have thus proved that 2.1 and 2.2 are equivalent.
Ž .
w x EXAMPLE. Theorem 2.4 provides a further extension of 6.3 of 1 , giving for ␣ q ␤ ) 0 and 0 -␤ F 1 the nontrivial left-hand sides of the pair of inequalities 
We shall show that Theorem 3.1 follows from Theorem 3.2, so that the Ž . two are equivalent. Indeed, condition 3.1 gives a F A y y F A q y F b, w x so that we may apply Theorem 3.2 to the interval A y y, A q y to obtain
Ž . The second inequality is just the second inequality of 3.2 . Moreover, 1.1 is equivalent to
x y x x yx
by Ayy Ayyya Ž .
Ž .
2 pqq Ž . Taken with the first inequality of 3.3 , this gives the first inequality of Ž .
.
Ž . w x Remark. In fact, the above proof of 3.4 is given in 7 . The same result w x wŽ . Ž .x Ž . was also obtained in 2 for y s b y a r pmin p, q , but this Ž . w x special case can be used together with inequality 3.5 from 2 to obtain the same result. 
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